Feasibility of radar detection of extensive air showers by Stasielak, J. et al.
ar
X
iv
:1
41
1.
72
95
v2
  [
as
tro
-p
h.I
M
]  
4 S
ep
 20
15
Feasibility of radar detection of extensive air showers
J. Stasielaka, R. Engelb, S. Baurb, P. Neunteufelc, R. Sˇmı´dab, F. Wernerb,∗,
H. Wilczyn´skia
aInstitute of Nuclear Physics PAN, Krako´w, Poland
bInstitute for Nuclear Physics (IKP), Karlsruhe Institute of Technology, Karlsruhe,
Germany
cArgelander Institute for Astronomy (AIfA), Bonn, Germany
Abstract
Reflection of radio waves off the short-lived plasma produced by the high-
energy shower particles in the air is simulated, considering various radar set-
ups and shower geometries. We show that the plasma produced by air show-
ers has to be treated always as underdense. Therefore, we use the Thomson
cross-section for scattering of radio waves corrected for molecular quenching
and we sum coherently contributions of the reflected radio wave over the
volume of the plasma disk to obtain the time evolution of the signal arriving
at the receiver antenna. The received power and the spectral power density
of the radar echo are analyzed. Based on the obtained results, we discuss
possible modes of radar detection of extensive air showers. We conclude that
the scattered signal is too weak for the radar method to provide an efficient
and inexpensive method of air shower detection.
Keywords: ultra-high energy cosmic rays, extensive air showers, radar,
radio signal
1. Introduction
Traditional techniques of extensive air shower detection include recording
the shower particles at the ground level or optical methods such as measur-
ing fluorescence light from nitrogen in the atmosphere excited by the shower
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particles and Cherenkov light of air showers. Detecting radio emission from
the shower particles in the MHz–GHz frequency range is a promising new
technique that is currently studied, since it offers the possibility of about
100% duty cycle in comparison to only about 15% for optical methods [1–8].
An additional method is the radar technique, in which a ground-based radio
transmitter irradiates the ionization trail left behind the shower front and an-
other ground-based antenna receives the scattered radio signal. This remote
sensing technology could allow the construction of cosmic ray observatories
with very large apertures to be built at much lower cost, with almost 100%
duty cycle.
The concept of implementing a radar technique for cosmic ray detection
dates back to 1940 [9]. However, due to the lack of experimental confirmation
of shower signals, this method was not pursued for several decades. In recent
years, renewed attention has been given to this topic [10–19] and experimen-
tal efforts to detect cosmic ray showers using the radar technique were made
by several groups [20–31].
The radar technique has been used already for decades to observe me-
teors and lightnings. The detection method is based on the principle of
scattering of radio waves off the plasma produced in the atmosphere by the
passing meteor or lightning discharge. After the ionization trail is formed,
the free electron concentration decreases because of diffusion, atmospheric
turbulence, and loss of ionization through recombination and ionic reactions.
Among these effects the most important one for meteors is diffusion, which
reduces the volume density, but essentially leaves the line density unchanged
due to the long ionization trails of meteors.
Meteors are observed at altitudes of 80 to 120 km and their typical ve-
locities are in the range of 10 to 70 km/s. The ionization trails produced by
them have long lifetimes, thus they can extend over several kilometers and
have an initial radius of order of 1 m up to even 10 m. The ionization col-
umn of a meteor has an approximately uniform radial distribution of density
and a line density of electrons between 1011 and 1014 cm−1 [32]. The plasma
electrons can be considered to be in thermal equilibrium with the ambient
atmosphere except for the very early stages of the formation of the meteor
trail. Densities of the ionization trails produced by lightnings are many or-
ders of magnitude higher than those produced by meteors and the plasma
channels are of much smaller sizes.
The ionization trail that results from meteors or lightnings is traditionally
divided into the underdense and overdense regions, depending on the local
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characteristic plasma frequency ωp. If the electron density is high enough
that the plasma frequency exceeds the radar frequency, i.e. the frequency
of the emitted radio wave, then the radio wave is reflected from its surface.
Such a region is called overdense. In contrast, if the electron density is low
enough that the local plasma frequency is lower than the frequency of the
incoming radio wave, then the region is underdense and the radio wave can
penetrate the ionized region. In such a case the reflections by scattering of
the radio wave off individual free electrons has to be considered. For radar
frequencies used in meteor science, the limiting density between these two
regimes is around the ionization line density of 1012 cm−1.
Gorham [11] considered radar reflection from the side of a horizontal
ionization trail left by an air shower caused by ultra-high energy neutrinos at
an altitude of about 10 km. He suggested that the most inner (densest) part
of the ionization column is responsible for the bulk of the radar reflection.
In analogy with the reflective behaviour of the overdense region produced
by a meteor, he assumed that the radar cross-section of the overdense trail
produced by a shower corresponds to the radar cross-section of a thin metallic
wire.
An alternative mode of shower detection was discussed in [13, 14], where
reflection of the radar wave from the relativistically moving shower front was
considered. The reflection coefficient was obtained by solving the Maxwell
equations with the corresponding boundary conditions. In this mode of de-
tection, the frequency of the radar echo is higher than the frequency of the
incoming wave, in contrast to the reflection from the side of the ionization
trail, where the frequency change is very small.
Scattering of a radio wave from the ionization trail produced by a shower
in the underdense plasma regime was considered in [15]. The calculations
were made for the forward scattered signal assuming that the ionization oc-
curs in a line along the shower axis, i.e. that contributions from the laterally
distributed electrons are coherent. The transmitter and receiver were located
50 km apart.
Finally, Filonenko [18] calculated the signal reflected from the plasma
disk produced at the shower maximum at altitude of about 4 km. He solved
the equation of motion of plasma electrons in the electromagnetic field, ac-
counting for electron collisions with neutral molecules.
The ionization trail that is produced in the atmosphere by the passage
of the high-energy particles of a shower (shower front), consists of electrons,
which are essentially at rest with respect to the surrounding atmosphere. The
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plasma decays exponentially with the lifetime that depends on the air density
and is equal to 15 ns at sea level [33, 34], whereas the radial dependence
of its density is controlled by the lateral distribution of the shower energy
deposition in the air. The electron density is highest at the shower axis and
decreases steeply with the distance from it. The diameter of the ionization
trail is of several hundred meters. The shower front moves approximately
with the speed of light in vacuum. Due to the short lifetime of the created
plasma, the plasma-filled region behind the shower front also moves with
the speed of light even though the electrons of the plasma do not move on
macroscopic scales. Therefore, a Doppler effect will be observed in the radar
echo, unless the shower is seen from the side. An enhancement of the signal
scattered backwards due to its time compression is also expected.
In this paper, which is an extension of our previous work [16, 17], we
investigate the feasibility of detecting extensive air showers by the radar
technique. Simulations are performed for the underdense regime using the
Thomson cross-section for scattering of radio waves off the short-lived, non-
moving plasma, with a correction for molecular quenching. We sum coher-
ently the reflected radio waves off the individual electrons over the volume of
the disk-like ionization trail and obtain the time evolution of the radar echo.
As an application we will consider the feasibility of supplementing a mi-
crowave detector [4–7] with a radio transmitter and using the microwave
antennas (tuned to the GHz frequency band) as receivers for the radar echo.
Furthermore, we will check whether the CROME (Cosmic Ray Observation
via Microwave Emission) results [7, 8, 35] could be interpreted as the radar
reflection from the plasma produced by the shower in the air.
The outline of the paper is as follows. In Section 2 we describe the details
of our calculations. Section 3 contains an extensive discussion of the plasma
properties. In Section 4 we describe the simulations performed and present
the analysis of the radar echo. The results and accuracy of the current
approach to the problem of the air shower detection by radar is discussed
in Section 5. Finally, the Appendix contains the detailed derivation of the
formulae from Section 2.
2. Modeling radar reflection
2.1. Calculation of the radar signal
A schematic diagram representing the concept of extensive air shower de-
tection using the radar technique is shown in Figure 1. A ground-based ra-
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Figure 1: Schematic diagram representing the considered radar system and reflection
from the plasma disk produced by a shower in the atmosphere. A ground-based radio
transmitter (T) emits a radio signal, which is scattered off an element of the plasma disk
and subsequently observed by the receiver antenna (R). The geometry of the radar system
is determined by the distances from the shower core to the transmitter (dT ) and to the
receiver (dR) together with their azimuth angles (ϕT and ϕR) and the altitude of the
transmitter (hT ).
dio transmitter (T ) irradiates a disk-like static plasma left behind the shower
front. The radio signal is scattered by free electrons in the ionization trail and
subsequently received by the ground-based antenna (R). The geometry of
such a radar system is described conveniently by the cylindrical coordinates
of the transmitter and the receiver, i.e. by the distances from the shower
core to the transmitter (dT ) and to the receiver (dR), and by the angles ϕT
and ϕR. The altitude of the transmitter is given by hT , whereas the receiver
is at the ground level.
The system of coordinates XY Z is chosen in such a way that the plane
constructed by theX-axis and the shower axis is perpendicular to the ground.
Moreover, the X and Y axes lie at the ground level. The center of the
coordinate system is placed at the shower core, i.e. at the point of intersection
of the shower axis with the ground. The coordinate system of the disk-
like static plasma X ′Y ′Z ′ is simply created by rotating the XY Z frame
of reference around Y -axis by the shower inclination angle |θs − π/2| and
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translating the resulting system of coordinates along Z ′-axis by s.
The disk in Figure 1, which is perpendicular to the shower axis, represents
a slice of the static plasma. Its distance to the shower core at ground is equal
to s. In the following we will consider a plasma volume element dV with polar
coordinates rL (distance from the shower axis) and azimuth ϕ.
The electric field of the continuously emitted, incoming radio wave in this
volume element at a given time tr can be written as
Uinc = UT
√
GT e
i(ωtr+φ0)
e−i
∫
r
n k·dr
|r| , (1)
where k (|k| = 2π/λ) is the wavevector of the emitted wave, λ and ω are
the wavelength and radian frequency of the emitted radio wave, UT is the
amplitude of the transmitted field, GT is the transmitter gain factor (GT = 1
for isotropic emission), and φ0 is the initial phase of emitted signal. Here n
denotes the refractive index of the air:
n = 1 + 2.8× 10−4ρ(h)/ρ(0), (2)
where ρ(h) is the density of air at an altitude h derived from the U.S. Stan-
dard Atmosphere model [36].
The strength of the radio wave reflected from the plasma volume dV that
arrives at the receiver antenna can be expressed by
dUrcv = Uince
iω(t−tr)e−i
∫
rsc
n ksc·drsc
√(
ω
νc
)2
dσT
dΩ
∆ΩscnedV , (3)
where ksc, t, and ∆Ωsc are the wavevector of the scattered wave, the arrival
time of the signal to the detector, and the solid angle of the receiver as seen
from the point of scattering, respectively. The angle-dependent Thomson
cross-section dσT /dΩ is given by
dσT /dΩ =
3
16π
σT (1 + cos
2 θ), (4)
where σT and θ are the total Thomson cross-section and the angle between
the directions of incident and scattered radio waves. The factor (ω/νc)
2 is
a correction for molecular quenching (see Section 3.6) and ne is the electron
density of the considered plasma element at the time of reflection tr.
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The exact expression for the solid angle ∆Ωsc can be written as
∆Ωsc = 2π
(
1− rsc√
r2sc + AR sinα/π
)
, (5)
where the factor sinα = h/rsc (rsc = |rsc|) (see Figure 1) is to account for
the change in the effective area AR of the receiver antenna due to the angle
π/2−α between the direction of the reflected wave and the receiver pointing
vertically upward. For large rsc we get the approximation√
∆Ωsc ≈
√
AR sinα/rsc, (6)
so that dUrcv ∼ r−1r−1sc . In practice, we use equation (6) and switch to the
full expression (5) only for small rsc. This is to avoid unphysical increase in
the dUrcv value when the scattering plasma is very close to the receiver. We
analyze only the signal which arrives to the receiver antenna. Therefore, we
do not consider any characteristics of the antenna, i.e. its gain or directional
dependence.
The propagation time of the radio wave from the point of reflection to
the detector is
t− tr = 1
sinα
∫ h
0
n(h′)
c
dh′. (7)
From the above expression we derive
tr = t− rsc
c
nh, (8)
where
nh =
1
h
∫ h
0
n(h′)dh′ (9)
is a slowly varying function of h and c is the speed of light. The altitude h
of the plasma volume element dV can be derived from
h = s sin θs − rL cosϕ cos θs. (10)
Assuming that the static plasma decays exponentially with the charac-
teristic time τ , the electron density ne is given by
ne = n
0
e(s, rL) exp
[
−(s− s
′
)
τcs
]
Θ
(
s− s′
)
, (11)
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where
s
′
= −cstr = cs
c
rscnh − cst, (12)
is the position of the shower front at time tr, i.e. at the moment of radio wave
reflection from the plasma volume element dV . To derive s
′
, we have used
the definition of the time zero as the moment in which the shower hits the
ground. We use this definition throughout the paper, unless stated otherwise.
n0e(s, rL) denotes the electron density in the static plasma at the shower front
at position s and at distance rL from the shower axis, and cs is the speed of
the shower front, respectively. In the following we assume that the shower
front moves with the speed of light, i.e. cs = c. The exponent is responsible
for the plasma decay, whereas the Heaviside step function Θ(s− s′) assures
that there is no plasma ahead of the shower front.
Since the plasma lifetime τ at altitudes lower than 5 km is very short, i.e.
τ ∼ 15−40 ns, it is enough to consider radar reflections only from the part of
the ionization trail which is up to several τ behind the shower front to obtain
numerically accurate results. In other words, the thickness of the plasma
disk produced by the extensive air shower can be constrained to nτcsτ . In
practice, we calculate nτ for each altitude separately, so that less than 5% of
the total plasma electrons is not being accounted for.
The signal received by the antenna at a given time is a sum of the sig-
nals scattered at different times, from different parts of the plasma disk, and
from different altitudes. These individual contributions interfere with each
other and only an integral over the whole volume V (t) from which they arrive
simultaneously gives us the correct value. This volume is, in general, time-
dependent and it can extend over a wide range of altitudes (even several
kilometers due to the time compression of the received signal). Combining
equations (1) and (3), and integrating dUrcv/dV over V (t), we get the fol-
lowing expression for the total electric field strength of the radio wave at the
receiver at time t
Urcv(t) =
∫∫∫
V (t)
dUrcv(t, s, rL, ϕ)
dV
dV , (13)
where
dUrcv(t, s, rL, ϕ)
dV
= UT
√(
ω
νc
)2
3σT (1 + cos2 θ)
16π
√
GT∆Ωsc
|r| ne
× ei(ωt+φ0)e−i
∫
r
n k·dre−i
∫
rsc
n ksc·drsc (14)
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is the contribution to the radar echo from the plasma volume element dV =
rLdrLdϕds with coordinates (s, rL, ϕ). The details of Urcv(t) calculation can
be found in the Appendix.
Equation (14) displays the expected dependence of the field strength on
the distances r = |r| and rsc = |rsc|, and the spatial phase which is due to
the transmitter-plasma-receiver optical path of the radio wave. For a high
altitude we have roughly r ≈ rsc and
√
∆Ωsc ∼ 1/r, so the field strength
diminishes like r−2. This is equivalent to an r−4 dependence in the received
power.
2.2. Effective cross section
Alternatively, the radar reflection can be described in terms of the ef-
fective cross-section, which is a measure of the target equivalent area of an
ideal scattering surface. The effective shower cross-section can be defined,
by analogy with [11], in the following way
σeff(t) =
∣∣∣∣∣∣
∫
V (t)
e−i
∫
r
n k·dre−i
∫
rsc
n ksc·drscne
√(
ω
νc
)2
dσT
dΩ
dV
∣∣∣∣∣∣
2
. (15)
Note that after removing the geometrical factor
√
∆Ωsc/|r| of the considered
radar system from the definition of dUrcv(t, s, rL, ϕ)/dV in equation (14), we
obtain σeff(t) ∼ |Urcv(t)|2.
σeff(t), which is defined by equation (15), has the meaning of a cross-
section only when the radio transmitter and receiver are sufficiently far away
from the scattering plasma or the volume of the scattering plasma is very
small itself. These conditions will not always be met. In reality, the volume
from which the scattered radio waves arrive simultaneously to the detector
can have a considerable size for small viewing angles between the shower
axis and the direction of rsc. This is caused by the time compression of
the reflected signal. The estimation of radar cross-section of a shower given
by σeff(t) is used in the following only for analysis of signal compression
separately from the geometrical factor.
2.3. Maximum of the received signal
The ratio of the instantaneous power PR(t) = Re(Urcv(t))
2/Z0 received
by the detector antenna to the power emitted by the transmitter PT =
4πU2T/GTZ0 is equal to
PR(t)/PT = R
2(t), (16)
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where Z0 ≈ 120π Ω is the impedance of free space and R(t) is defined by
R(t) = Re(U(t)), (17)
U(t) =
√
GT
4π
Urcv(t)
UT
. (18)
The instantaneous signal strength U(t) is a useful dimensionless quantity
which facilitates deriving the maximum of the received power. Its real part
defines the waveform R(t), which is proportional to the electric field strength
received by the detector and is used in the Fourier analysis to obtain the
power spectrum of the recorded signal. Note that, for large distances of the
scattering centers to the detector, PR/PT is proportional to the effective area
of the receiver antenna and to the transmitter gain, i.e. PR/PT ∼ GTAR.
The shape of the waveform R(t) and thus of the received power PR(t)
depend, via the electric field Urcv(t), on the initial phase φ0 of the transmitter.
Hence, a different choice of the φ0 value will change both the moment at
which the detector observes the maximum power and the maximum value
of this power PR,m. For each shower, we scan through all possible φ0 values
to maximize PR,m. Let us denote this maximum PR,m value by PR,max and
the corresponding time-dependent function PR(t) by PR,max(t). From the
equations (16)-(18), we can deduce that PR,max/PT is equal to the square of
the maximum value of the function |U(t)|. The maximum received power for
a given shower is represented by PR,max and its time dependence by PR,max(t).
2.4. Frequency upshift
Despite the fact that the radio wave is scattered on a non-moving plasma,
the shower ionization front, and thus the wave scattering region, moves with
a relativistic velocity. Therefore, a Doppler effect should be observed in the
received signal. Figure 2 shows the factors by which the emitted frequency
is up-shifted (fr) for the radio wave scattered on different parts of the disk-
like plasma produced by a vertical shower heading towards the transmitter.
The altitude of the plasma element is given by h, whereas its distance to the
receiver in the horizontal plane is d.
The frequency upshift depends on the wave direction and on the refractive
index of the air. It is largest for the case in which the viewing angle coincides
with the Cherenkov angle. The factor fr can be high enough to upshift a
MHz signal into the GHz range. Therefore, it might be possible to observe the
radar echo in the GHz range using a microwave detector [4–8] supplemented
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Figure 2: Distribution of the factors by which the emitted frequency is up-shifted (fr) for
the radio wave scattered off different parts of the shower disk. The altitude of the disk
element is given by h, whereas its distance to the receiver in the horizontal plane is d. A
vertical shower heading towards the transmitter is considered.
with a high-power MHz transmitter. However, our results (see Section 4.2)
show that the typical value of fr is much lower. The frequency upshift
derivation can be found in [37].
3. Air shower plasma
3.1. Plasma density
The initial electron density of the plasma n0e, i.e. the plasma density
immediately after passing of the shower front, produced by the high-energy
shower particles in the air, is estimated using the average longitudinal profile
of proton showers parametrized by the Gaisser-Hillas function [38] and as-
suming the Go´ra function [39] as the lateral distribution. The Go´ra function
corresponds to the lateral distribution of the shower energy deposition in the
air. We assume that each shower particle deposits on average 2.3 MeV per
traversed g/cm2 and that all of the deposited energy goes into ionization.
The mean energy per ion pair production is 33.8 eV [40]. For the distances
from the shower axis (rL) smaller than 1 cm, the electron density is assumed
to be constant and equal to the value of the density at rL = 1 cm to avoid its
unphysical increase. This assumption does not affect our results, since the
number of electrons within this region is below 0.1% of their total number.
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Figure 3: Radial dependence of the initial electron density n0e produced by a shower at
its maximum for vertical showers with energies 1018, 1019, and 1020 eV (solid curves from
the bottom to the top, respectively). Also shown is the radial dependence of the plasma
frequency νp = ωp/2pi for each energy (dashed curves).
While the maximum particle count of the shower is described by the
Gaisser-Hillas function, the plasma density depends also on the local at-
mospheric density. Therefore, the point of the shower maximum does not
necessarily correspond to the point of the highest plasma density. In fact,
there is an offset in the altitude between these two points. For vertical show-
ers with energy higher than 1018 eV, the maximum of the plasma density
is about 400-500 m below the shower maximum. The difference between
the plasma density at the shower maximum and at the plasma maximum is
less than a few percent. The plasma densities as well as the altitude offsets
between the shower and the plasma maximum which we obtain, are in a
good agreement with the results of more detailed calculations of the plasma
production [41, 42].
The plasma frequency is defined by
ωp =
√
e2ne
ǫ0me
≈ 5.64× 104√ne [Hz], (19)
12
0 2 4 6 8 10
20
40
60
80
100
120
h @km D
Τ
@n
sD
Figure 4: Plasma lifetime in the air as a function of altitude.
where e, me, and ǫ0 are the elementary charge, the electron mass and the
permittivity of the free space, respectively. The electron density ne is given in
cm−3. The plasma frequency corresponds to the characteristic electrostatic
oscillation frequency of an electron in the plasma in response to a small
charge displacement. The value of ωp is of high importance in determining
scattering properties of the plasma.
Examples of the lateral distribution of the initial electron density n0e (solid
curves) and the corresponding plasma frequency νp = ωp/2π (dashed curves)
are shown in Fig. 3. The three curves presented correspond to the plasma, at
the shower maximum, produced by the vertical showers with energies 1018,
1019, and 1020 eV.
The electron density is highest at the shower axis, reaching up to several
times 108 cm−3 (for showers with energy 1020 eV), and decreases steeply with
the distance to the shower axis rL. For rL = 0.1 m, the electron density is
about one tenth of the density at the shower axis, whereas for rL =1 m it
falls down to one-hundredth of the axis value. The radial dependence of the
electron density agrees well with the dependence derived from CORSIKA
simulations [43].
3.2. Plasma lifetime
Due to the low number of electrons in the plasma produced by a shower
in the air relative to the air molecule density, electron attachment (as op-
posed to recombination) is the principal mechanism for electron removal from
the plasma. Electron attachment occurs by formation of an unstable state
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of the negative ion O−2 , which subsequently may re-emit an electron (auto-
detachment) [44]. However, a collision with a third body can remove some
energy, causing transitions to non-autoionizing levels of the O−2 ion. For
ne < 10
12 cm−3, as is always the case for the plasma produced by show-
ers (see Figure 3), the deionization process is dominated by the three-body
attachment of electron to oxygen molecules [33]:
e− +O2 +O2 → O−2 +O2, (20)
e− +O2 +N2 → O−2 +N2. (21)
The deionization process described above leads to an exponential decay
of the plasma. The characteristic decay time τ , i.e. the time required for a
plasma to decrease in concentration by a factor of 1/e, is given by [34]
τ = N−2m
(
katt1[O2]
2 + katt2[O2][N2]
)
−1
, (22)
where [O2] = 0.209476 and [N2] = 0.78084 are fractions of oxygen and nitro-
gen in the atmosphere, while katt1 = 2× 10−30 cm6 s−1 and katt2 = 8× 10−32
cm6 s−1 [34]. Nm is the total number density of atmospheric molecules (ni-
trogen, oxygen, carbon-dioxide and trace gases). The altitude-dependent
molecular number density Nm is derived from the ideal gas law assuming
the U.S. Standard Atmosphere model [36] values of the air temperature and
pressure.
The dependence of the plasma lifetime on altitude is shown in Fig. 4.
The plasma lifetime changes from about 15 ns at the sea level to 40 ns at
the altitude of 5 km and 120 ns at 10 km.
3.3. Effective collision frequency
The electron collision frequency is an important quantity determining
absorption of radio waves and quenching their reflection off the atmospheric
plasma. It is defined as the number of collisions of an electron with heavy
particles of the plasma and other electrons occurring in 1 s.
For a tenuous plasma (with ne < 10
8/cm3, see Fig. 3), which we con-
sider, the density of free electrons is much lower than the density of neutral
molecules. Therefore, the collision frequency of an electron with neutral
molecules is much larger than the electron-electron and electron-ion collision
frequencies. Consequently, we neglect collisions with electrons and ions and
consider only electron collisions with neutral molecules, i.e. with N2 and O2.
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The velocity-dependent collision frequency of electrons is defined as [45]
νm(v) = NmvQm(v), (23)
where Nm is the gas molecule number density, v is the incident electron ve-
locity and Qm(v) is the velocity dependent momentum transfer cross-section
given by
Qm(v) = [N2]Q
N2
m (v) + [O2]Q
O2
m (v). (24)
The values of the momentum transfer cross-sections for electron impact on
N2 and O2, i.e. Q
N2
m (v) and Q
O2
m (v), can be found in [46] and [47]. For
altitudes at which extensive air showers develop in most part, i.e. h < 10
km, the mean value of νm is of the order of a few THz. Thus, the collision
frequency is much larger than frequency of the radio waves considered in this
paper.
The collision frequency defined by equation (23) can be used only for a
monoenergetic beam of particles. To obtain the velocity-independent effec-
tive collisional frequency νc, we have to appropriately average νm(v) over
the velocity distribution of the plasma electrons. Assuming the Maxwellian
distribution of v, the effective collision frequency is defined by the following
equation [48]
ν−1c =
8
3
√
πNm
(
me
2kBTe
)5/2 ∫ ∞
0
v3
Qm(v)
exp
(
− mev
2
2kBTe
)
dv, (25)
where Te is the temperature of electrons and kB is the Boltzmann constant.
Strictly speaking, the distribution function of the plasma induced by a
shower in the air is non-Maxwellian [41, 42]. However, for our purposes
we approximate this non-Maxwellian distribution by the thermal one. The
effective temperature Te of the new distribution is defined in such a way
that the mean kinetic energy per particle is the same as in the original (non-
Maxwellian) distribution. We adopt Te = 1.5× 105 K from [41].
The resulting effective collisional frequency νc is a monotonic function of
altitude. It decreases from about 5 THz at the sea level to less than 2 THz
at the altitude of 10 km.
3.4. Absorption and refractive effects of the plasma
When a radio wave propagates in the plasma, it suffers attenuation be-
cause of electron collisions with the gas molecules. In the absorption process,
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energy of the electromagnetic wave is converted into thermal energy of the
gas via coupling to the plasma electrons: the plasma electrons are first ac-
celerated by the electric field of the radio wave and then collide with gas
molecules, thereby transferring energy from the electromagnetic wave to the
gas. This process is irreversible, thus it prevents re-emission of radio waves
and so scattering of the radar wave is quenched.
The absorption of the electromagnetic waves in plasma has a resonant
character; the absorption coefficient is largest when the values of the incom-
ing radio frequency ω, plasma frequency ωp and collision frequency νc are
very similar [49–51]. For a given plasma density (fixed ωp), the absorption is
maximized for ω ≈ νc and decreases for larger or smaller collision frequencies.
When νc ≫ ω, the plasma absorbs only a very small fraction of the electro-
magnetic wave power: the absorption process is inefficient because electrons
acquire very little energy before they collide with molecules. When the op-
posite is true (i.e. νc ≪ ω), the collision rate is so low that the electrons
simply oscillate unimpeded in the electric field of the radio wave and little
wave energy is absorbed.
For νc ≫ ω, as in our case, the electrical conductivity of the plasma takes
the form of the conductivity for a static field [48], i.e.
σ =
ǫ0ω
2
p
νc
. (26)
Using the above expression, we can derive the refractive index of the plasma,
which is
np =
√
1− iσ
ωǫ0
≈ 1− ω
4
p
8ν2cω
2
− i ω
2
p
2νcω
. (27)
Accordingly, the propagation dependence of the electromagnetic field is
ei(ωt−nk0r) = ek0nirei(ωt−k0nrr), (28)
where k0 = ω/c is the free-space wave number, whereas nr and ni are the
real and the imaginary part of n, respectively. The absorption coefficient
αabs follows from (28), i.e.
αabs = −2k0ni =
ω2p
νcc
. (29)
The highest value of αabs is attained for the highest plasma density and
the lowest collision frequency. An upper limit on the absorption coefficient
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αabs < 3 dB/km can be obtained by adopting νp = ωp/2π ≈ 100 MHz and
νc ≈ 2 THz. The first value corresponds to the frequency of the plasma, at
the shower maximum, produced by the 1020 eV shower close to its axis (see
Fig. 3). The second is the collision frequency at an altitude of 10 km.
The region with the highest plasma density has a size of only several
centimeters in diameter and several meters in length. Outside this region,
the electron density drops by at least one order of magnitude and thus the
absorption coefficient becomes lower than 0.3 dB/km. It follows that the
absorption of the radio wave in the plasma produced by the shower in the
air can be neglected. This might not be the case only for showers heading
towards the receiver. Due to the small difference between the speed of light
in the air and the shower front velocity, the reflected radio wave can stay
within the densest part of the plasma through all of the propagation time
to the receiver. Nevertheless, even in the worst case, i.e. when the radio
wave propagates over a distance of 5 km (the altitude limit of the signal
integration, see Section 4.1) through the densest plasma, the decrease in the
radio wave energy will be lower than 15 dB. It will be about 15 dB for a 1020
eV shower but only 1 dB for a 1019 eV shower.
Similarly, we can obtain the phase shift of the radio wave after propagat-
ing a distance l through the plasma, i.e.
Φps = −k0(nr − 1)l =
ω4p
8ν2cωc
l. (30)
The phase shift of the radio wave per unit distance of propagation through
the plasma Φps/l decreases with the radio wave frequency. Since we do not
consider radio wave frequencies lower than ν = 1 MHz, an upper limit of
only 0.1 deg/km can be derived. The phase shift effect can be neglected.
3.5. Scattering off the plasma
For a collisionless plasma (νc = 0), the total reflection from the non-
moving interface between the air and the homogeneous plasma occurs when
ω ≤ ωp, and the reflected power drops for ω > ωp. If collisions are present,
then the radio wave is not totally reflected, even for ω < ωp, and the wave
can penetrate the plasma volume. The reflected power is greatly reduced
as the electron collision frequency νc increases (see Figure 4 in [49]). For
the specular reflection to occur, it is necessary not only that the radio wave
frequency ω is lower than the plasma frequency ωp (ω < ωp) but also that it
17
is much higher than the collision frequency νc (ω ≫ νc). In our case, these
conditions are not fulfilled. Even though the first condition might be met by
the plasma produced by the shower at its axis (for a low radar frequency, i.e.
ν < 16 MHz), the second one is never fulfilled.
The refractive index of the plasma for arbitrary values of ω, ωp and νc is
[49]
np =
(
1− ω
2
p
ω2 + ν2c
− iνc
ω
ω2p
ω2 + ν2c
)1/2
, (31)
whereas the fraction of the incident power that is reflected from the non-
moving interface of the homogeneous plasma is given by the Fresnel formula
Rp =
∣∣∣∣n− npn+ np
∣∣∣∣
2
. (32)
Since the plasma induced by meteors at altitudes 80−120 km reaches the
thermal equilibrium in a time much shorter than the plasma lifetime, we can
assume that the electron temperature is Te ≈ 200 K and obtain an upper
limit for the collision frequency νc of only 1 MHz. Moreover, assuming that
the diameter of the meteor trail is about 20 m and using radar frequency of
ν = 10 MHz we can derive the reflection coefficients, which are Rp ≈ 4×10−5
for the ionization line density of 1011 cm−1 (which represents an underdense
case) and Rp ≈ 0.97 for the line density of 1013 cm−1 (overdense case). These
numbers agree very well with our expectation based on reflective properties
of underdense and overdense regions.
In the case of a plasma produced by a shower, we expect the strongest
reflection to occur for νc = 2 THz, ν = 1 MHz and νp = 100 MHz for
the range of parameters considered here. For this set of parameters we get
Rp ≈ 6 × 10−5. The plasma frequency νp = 100 MHz corresponds to the
plasma produced by a 1020 eV shower close to its axis (the densest plasma
region). The reflection coefficient drops to Rp ≈ 10−11 at a distance of rL = 1
m from the shower axis. As expected, the shower plasma has to be always
treated as underdense. This is caused by the high density of air at altitudes
at which the shower plasma is created, i.e. altitudes lower than 10 km, and
the resulting high value of νc.
Let us now consider reflection from the plasma disk left behind the shower
front at small angle to the shower axis. In such a case we have to analyze the
radio wave reflection from the moving ionization front (plasma boundary)
under condition that the electrons of the plasma are static. For simplicity,
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let us restrict to the collisionless plasma. Then, the condition for the total
reflection ω < ωp has to be replaced by ω
′ < ωp [52, 53, 55], where
ω′ = ω
nβ + cos θ0√
1− n2β2 (33)
is the frequency of the incoming radio wave in the coordinate system in
which the plasma boundary is stationary. The parameter β = cs/c is the
ratio of the ionization front velocity to the speed of light in vacuum and θ0
is an angle of incidence of the radio wave on the plasma boundary. The
frequency ω′ increases to infinity when nβ → 1 and the plasma becomes
transparent to arbitrarily low-frequency incident radiation, i.e. it becomes
underdense for all frequencies of the incoming wave. This situation holds for
nβ ≥ 1, when a reflected wave in the shower forward direction cannot exist
because it would be immediately caught by the shower front. In its place a
second transmitted wave with a highly reduced strength is formed [52]. This
so-called transmitted-back-scattered wave follows the ionization front while
staying behind it. The frequency of this wave, similarly to the reflected one
(when it exists), is highly upshifted [52].
The shower front moves with the speed of the highest-energy particles in
a shower and thus exceeds the local speed of light (nβ > 1) at all altitudes of
relevance. Therefore, in the case of scattering of the radio waves incoming at
small angles to the shower axis, one can not treat the plasma as overdense.
Moreover, unlike the case of reflection from the side of the ionization trail,
where the frequency does not change, the frequency of the transmitted-back-
scattered radio wave will be upshifted. One can then expect an enhancement
of the signal scattered backwards due to its time compression.
It follows that we can not use an analogy with the reflective behaviour of
the overdense ionization trails produced by meteors high in the atmosphere
and apply it to the plasma produced by the shower at much lower altitudes.
For the overdense meteor trails, secondary scattering of the radio wave on
electrons is important, the refractive index of the plasma becomes imaginary
and the total reflection of the incoming radio wave occurs. An overdense
meteor trail can be modeled as a thin metallic cylinder and the corresponding
radar cross-section can be used. In contrast, the plasma induced by a shower
has to be treated as underdense in all cases. The radio wave can penetrate
the ionized region and the reflections of the radio wave are caused by its
scattering on individual electrons. The total scattered signal is a sum of
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these individual contributions. The above conclusion does not change even
if we consider scattering on a plasma-density gradient (as is the case for
air shower plasma) rather than on a sharp boundary (steep plasma-density
gradient).
Therefore, treating the plasma as underdense and using the Thomson
cross-section, with a correction for molecular quenching (see Section 3.6), is
justified for radar scattering in case of air showers.
3.6. Molecular quenching
Following [18] let us write the equation of motion for an electron in the
electromagnetic field of the radio wave, i.e.
z¨ + νcz˙ =
eE0
me
cos(ωt− kx), (34)
where E0 is the amplitude of the electric field of the radio wave and the term
νcz˙ represents the drag force arising in collisions with neutral molecules. The
steady-state solution is proportional to the driving force and for νc ≫ ω we
get
z(t) =
eE0
meω
√
ω2 + ν2c
sin(ωt− kx) ≈ eE0
meωνc
sin(ωt− kx). (35)
The Thomson cross-section σT describes scattering of the electromagnetic
wave on a non-relativistic, free electron in vacuum, i.e. when there are no
collisions with other particles. Thus we have νc = 0, the drag force term
disappears, and the amplitude in equation (35) becomes equal to eE0/meω
2.
The cross-section σsc for scattering of the electromagnetic wave on a free
electron, by definition, is proportional to the average power re-radiated by
the electron. This power, according to the Larmor formula, is proportional
to the average value of the square of electron acceleration, i.e. < z¨(t)2 >. It
follows that σsc ∼< z¨(t)2 >= (eE0ω/meνc)2 and similarly σT ∼ (eE0/me)2.
Therefore, we have
σsc =
(
ω
νc
)2
σT . (36)
The net effect of the electron collisions with neutral molecules is a reduc-
tion of the electron acceleration in the radio wave field and thus a decrease
in the power re-radiated by the electron. This effect is called the molecular
quenching. It reduces the power recorded in the receiver antenna by 8-12
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orders of magnitude for the radio frequency ν = ω/2π in the range of 1-100
MHz. The decrease is larger at lower frequencies.
To take into account the above effect, we scale the received signal by the
factor ω/νc (see equations (3), (14) and (44)). In other words, we use the
Thomson cross-section with a correction for molecular quenching to describe
the scattering properties of the plasma electrons.
4. Simulations and analysis
4.1. Assumptions
An extensive set of simulations of radar detection of air showers were
made, as outlined in Sections 2 and 3. The simulations were performed
assuming that the effective area of the receiver antenna is AR=1 m
2 and the
ground-based transmitter (hT = 0) emits signal isotropically into the whole
upper hemisphere (i.e. GT = 2). We also assume that the receiver points
vertically upward and the solid angles (∆Ωsc) at which it is seen from each
point of scattering are taken into account. Thus, we are not constrained
to the far field approximation. Both the transmitter and the receiver are
located at the sea level. We analyze only the signal which arrives to the
receiver antenna. We do not consider any characteristics of the antenna, i.e.
the receiver is assumed to be ideal and its efficiency is independent of the
frequency of the radar echo.
Since the received power of the radar echo is strongly diminished by the
geometrical factor of r−4, the strongest signal is usually obtained from alti-
tudes close to the ground level. Therefore, we limit integration of the signal
contributions up to the altitude of 5 km and use the collision frequency at
1 km, i.e. νc = 4.5 THz, to correct the Thomson cross-section for molecu-
lar quenching. Since the collision frequency varies from about 5 THz to 3
THz in the altitude range of 0 to 5 km, the maximum received power can be
higher than the calculated one by a factor of 2.25 (+3.5 dB). This is true for
the power maximum (PR,max) originating at high altitudes, i.e. for inclined
showers with the shower core located far away from the receiver and trans-
mitter antennas (see Section 4.2). We do not simulate the whole radar echo
but rather end the simulation at the moment at which the signal decreases
considerably due to the decay of the plasma. From now on, unless stated
otherwise, the time t = 0 coincides with the moment at which the shower
hits the ground.
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Figure 5: Dependence of the radar effective cross-section obtained after integration over
the plasma volume up to the different distances rL from the shower axis as a function of
observation time, calculated for a vertical shower with energy 1018 eV heading towards
the transmitter. The distance between the shower core and the receiver is dR = 100 m and
the frequency of the incident radar wave is ν = 1 MHz. The curves from the bottom to
the top represent radar cross-sections obtained by integration over the plasma volume up
to the distances rL=5, 10, 50, 100 m from the shower axis, respectively. The uppermost,
red curve is the radar cross-section calculated taking into account 95% of the total plasma
electrons.
Figure 5 shows the dependence of the radar effective cross-section ob-
tained after integration over the plasma volume up to the different distances
rL from the shower axis as a function of observation time, calculated for a
vertical shower with energy 1018 eV heading towards the transmitter. The
shower core-receiver distance is dR = 100 m and the frequency of the incident
radar wave is ν = 1 MHz. The logarithmic time-scale was chosen to show an
early part of radar cross-section in more detail. The curves from the bottom
to the top represent radar cross-sections obtained with integration over the
plasma volume up to the distances rL=5, 10, 50, 100 m from the shower axis,
respectively. The uppermost, red curve is the radar cross-section calculated
taking into account 95% of the total plasma electrons.
As can be seen, the innermost (densest) part of the ionization trail does
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not provide the dominant contribution to the reflected power. In fact, for
ν = 1 MHz (λ ≈ 300 m), contributions to the signal sum up coherently and
most of the signal is produced up to the distance of rL ≈ 100 m from the
shower axis. This region contains about 80% of the total plasma particles.
For higher radio frequencies the coherence length is smaller, thus it is of
high importance to take into account the destructive interference and to sum
individual contributions generated at larger distances from the shower axis.
Therefore, we sum up the scattering contributions up to the lateral distance
which contains 95% of the total plasma electrons, i.e. up to several hundred
meters from the shower axis. This distance is smaller for a vertical shower
and increases with the shower inclination angle.
4.2. Signal analysis
Figure 6 demonstrates the details of our signal analysis (see Section 2.3).
It shows the effective radar cross-section σeff , the modulus of the complex
radar signal at the receiver |U |, the waveform of the radar echo R, and
the ratio of the power received by the detector to the emitted one PR/PT
calculated for the same shower and radar setup as in Figure 5. The time
dependence of the power ratio PR/PT is a function of the initial transmitter
phase (phase φ0 of the emitted signal at t = 0). The largest value of PR/PT ,
which can be attained at a given time t by varying φ0 is equal to |U(t)|2. The
red solid curves represent the waveform R and the power ratio PR/PT for such
a choice of the phase φ0 that the φ0-dependent maximum value of the received
power PR,m reaches its largest value PR,max. Similarly, the blue dotted curves
correspond to the smallest PR,m value. The difference between PR,m for
different choices of the phase φ0 is usually below a few dB. The local minima
in the PR(t)/PT functions coincide with the zero points of the corresponding
waveforms R(t). This is due to the definition PR(t)/PT = R(t)
2. Note that
|U | and R are shown multiplied by 1013.
As we can see, the frequencies of the received signal are higher than that
of the emitted one, despite the fact that the Thomson scattering preserves
the frequency of the scattered radio wave. The observed upshift is caused
by the interference of the radio waves reflected from the plasma volume at
different stages of its development, i.e. at different times. Thus we observe
the expected Doppler effect.
Since the receiver antenna is outside the Cherenkov cone, which is the
most common case expected in air shower experiments, the amplitude of
the waveform increases with time. This is due to a geometrical effect of
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Figure 6: The effective radar cross-section σeff(t), the modulus of the complex radar signal
at the receiver |U(t)|, the waveform of the radar echo R(t), and the ratio of the power
received by the detector to the emitted one PR(t)/PT calculated for the same shower and
radar setup as in Figure 5. The red solid curves represent the waveform and power ratio
for such a choice of the initial transmitter phase (phase φ0 of the emitted signal at t = 0)
that the maximum value of the received power PR,m reaches its largest value PR,max.
Similarly, the blue dotted curves correspond to the smallest PR,m value.
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the reflections from the lower parts of the atmosphere (the scattering region
is closer to the detector). In accordance with the behavior of the signal
amplitude, the return power grows with time until the shower front reaches
the ground and the plasma has decayed. For cases (not shown here) when
the receiver is inside the Cherenkov cone, the time sequence is reversed: the
lower part of the shower is seen first and the amplitude decreases with time.
The enhancement of the radar cross-section at the beginning of the signal
is clearly seen in Figure 6. This is an effect of the increase of the longitudinal
extent of the region from which the scattered waves arrive simultaneously to
the detector due to the time compression of the received signal. This leads
to an increase of the size of the region from which we get the coherent signal.
However, the part of the radar echo with the highest frequency upshifts
originates from large altitudes. Therefore, despite the fact that the scattered
signal is enhanced due to increase of the shower radar cross-section, the
return power of the radar echo is small due to the geometrical factor of r−4.
Now let us consider inclined showers and an incident radio wave with the
same frequency of ν = 1 MHz. Figure 7 shows the time dependence of the
modulus |U(t)|, the ratio of the maximum received power to the emitted one
PR,max(t)/PT and the corresponding waveform R(t) for showers with elevation
angle θs = 45
o, energy 1018 eV, shower core-receiver distance dR = 500 m and
core-transmitter distances equal to dT = 0 m (brown curve), 500 m (blue)
and 1000 m (red). The transmitter, receiver and shower axis lie in a common
plane perpendicular to the ground. Moreover, the transmitter and receiver
antennas are located on the opposite sides of the shower core (ϕT = 180
o,
ϕR = 0
o). The shower elevation angle θs = 45
o corresponds to the case
when the shower passes above the receiver. Note that the entire signal has
been artificially shifted to positive times, in order to present the plots in the
logarithmic timescale to show the high-frequency, early part of the received
signal in more detail.
There are three prominent peaks at each of the |U(t)| curves. The first
peak corresponds to the time-compressed radar signal reflected at high alti-
tudes. The height of this peak is almost the same for all three considered
transmitter positions. This can be explained by the fact that, for the signal
produced at high altitude, the distance from the transmitter to the scattering
region and to the receiver changes only slightly when varying dT .
The other two peaks represent reflection from lower altitudes, where the
change in frequency is moderate and the interplay between the distance to
the detector and the frequency upshift (when the shower is approaching the
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Figure 7: Time dependence of the modulus of the complex radar signal at the receiver
|U(t)|, the waveform of the radar echo R(t), and the ratio of the power received by the
detector to the emitted one PR,max(t)/PT calculated for showers with elevation angle
θs = 45
o, energy 1018 eV, shower core-receiver distance dR = 500 m and core-transmitter
distances equal to dT = 0 m (brown), 500 m (blue) and 1000 m (red). The frequency of
the incident radar wave is ν = 1 MHz. See the text for a detailed explanation.
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Figure 8: The same as figure 7, but for the distance between the shower core and the
receiver of dR = 800 m and elevation angle θs = 135
o (the showers approach the receiver).
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receiver) or downshift (when the shower starts receding from the receiver after
passing the point of the closest approach) become important. The heights of
these peaks are larger for smaller dT .
The first peak determines the maximum received power PR,max(t) only
for shower geometries in which the time compression of the reflected signal
is high and the signal received from the lower altitudes is sufficiently low,
i.e. for inclined showers with the transmitter and receiver antennas far away
from the shower core. In this example, this is the case for dT = 500 m and
1000 m.
Figure 8 shows the same dependences as Figure 7, but for the shower
core-receiver distance of dR = 800 m and elevation angle θs = 135
o (showers
approaching the receiver). For such a geometry, unlike in the previously
considered case of the showers passing above the receiver (θs = 45
o and
ϕR = 0
o), we have only one large peak in |U(t)| at the latest part of the
signal. For approaching showers, the frequency of the incoming signal is
constantly upshifted and the distance to the receiver decreases with time.
This generates a rapid increase in the reflected signal. There is an overall
higher time compression of the radar echo, i.e. shorter duration of the signal,
when compared to the case of the shower passing above the receiver (as in
Fig. 7). It follows that the peaks in |U(t)| at the latest part of the signals
are higher than the corresponding peaks from Figure 7. This is despite the
fact that now the shower core-receiver distance dR is larger. In contrast,
there is only a slight difference in the strength of the signal produced at high
altitudes (first |U(t)| peak), because the considered showers (with inclination
angles θs = 45
o and θs = 135
o) are seen by the receiver located far away from
the scattering region at similar angles. Therefore, the time compression of
the received signal is almost identical.
In short, our results clearly show that the reflection from the plasma
produced by the shower at its maximum does not necessarily generate the
maximum of the received power (PR,max). This is caused by the fact that the
distance of the scattering region to the detector and the time compression of
the reflected radio wave (frequency upshift) due to the shower geometry are
more important than the variation of the number of the plasma electrons with
altitude. For vertical showers, the maximum power PR,max is usually received
from the regions located close to the detector (low altitudes), whereas for the
inclined showers that have shower cores located far away from the detector
antennas (large dT and dR), PR,max originate from large altitudes not directly
related to the maximum of the plasma production by the shower.
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Figure 9: Spectrogram of the radar echo of a vertical shower with energy 1018 eV heading
towards the transmitter. The radar frequency and transmitter-receiver distance are equal
to ν = 10 MHz and dR = 500 m, respectively. A 500 ns running time window is used.
Finally, an example of spectrogram of the radar echo is shown in Figure
9. A vertical shower with energy 1018 eV heading towards the transmitter
(dT = 0) is considered here. The radar frequency and transmitter-receiver
distance are equal to ν = 10 MHz and dR = 500 m, respectively. As expected,
the frequency decreases with time. Note the low-frequency component at the
end of the radar echo, which is caused by the modulation of the received signal
by the factor eiωt (see equation (44)). The typical signal consists of two parts:
a short signal upshifted to high-frequency with low amplitudes and a long
signal with frequency upshifts of only a few and larger amplitudes.
5. Results and discussion
5.1. Dependence of the maximum received power on the shower energy
Accordingly to the analysis described in Section 2.3, we have calculated
the maximum received power PR,max for each of the simulated radar echoes
and prepared a set of plots with the dependences of PR,max on the shower
energy E, shower geometry, and on the radar frequency ν. Figure 10 demon-
strates the dependence on shower energy. Each line is derived for a fixed
shower geometry and detector setup and shows PR,max values scaled to the
respective maximum received power for the shower energy of 1018 eV. The
plot is drawn based on the results of the set of simulations performed for
several different radar frequencies (1 MHz ≤ ν ≤ 50 MHz), for showers with
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Figure 10: Dependence of the maximum received power on shower energy. Each line is
derived for different shower geometry and detector setup and shows PR,max values scaled
to the respective maximum received power for the shower energy of 1018 eV.
different elevation angles (45o ≤ θs ≤ 135o) and different distances of the
shower core to the transmitter and the receiver (dT and dR up to 1 km).
The dependence of the maximum received power PR,max on the shower
energy shows a universal scaling. There is about 23 dB increase in power
per decade increase in shower energy. This means that for a given shower
geometry and detector setup PR,max ∼ Eδ with δ ≈ 2.3. This scaling is
similar to that in coherent scattering, in which the reflected power depends
quadratically on the number of scattering particles, in contrast to the linear
dependence for incoherent case. The value of the δ index is an outcome of
both the increase in the shower energy deposition and the change of its lateral
distribution with increasing shower energy E.
5.2. Dependence of the maximum received power on the shower geometry
The dependence of the maximum received power on the shower geometry
and detector setup (varying θs, dR, and ϕR), for showers with energy 10
18
eV and the radar frequency of 1 MHz, is shown in Figures 11 and 12. Figure
11 shows the dependence of the ratio PR,max/PT on the shower core-receiver
distance dR and elevation angle θs. Each line represents a fixed value of the
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Figure 11: (top panel): Dependence of the ratio of the maximum received power to the
emitted one PR,max/PT on the shower core-receiver distance dR and elevation angle θs
for showers with energy 1018 eV. Each line represents a fixed value of the shower core-
transmitter distance dT . The transmitter, receiver and shower axis lie in a common plane
perpendicular to the ground. The transmitter and receiver antennas are located on the
opposite sides of the shower core (ϕT = 180
o, ϕR = 0
o). The frequency of the incident
radar wave is ν = 1 MHz. (bottom panel): The same as the top panel, but PR,max is
rescaled to its value at dR = 100 m.
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Figure 12: (top panel): Dependence of the ratio of the maximum received power to the
emitted one PR,max/PT on the shower core-transmitter distance dT and receiver azimuth
angle ϕR for vertical showers with energy 10
18 eV. The antennas and the shower core are
not collinear; the receiver is placed at various azimuthal angles relative to the transmitter-
core line. The radar wave has a frequency of ν = 1 MHz. (bottom panel): The same as
the top panel, but PR,max is rescaled to its value at dR = 100 m.
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shower core-transmitter distance dT . The transmitter, receiver and shower
axis lie in a common plane perpendicular to the ground. Moreover, the
transmitter and receiver antennas are located on the opposite sides of the
shower core (ϕT = 180
o, ϕR = 0
o). Note that all of the respective curves
should be moved up by about 23 dB and 46 dB for showers with energies
1019 eV and 1020 eV, respectively. The bottom panel shows PR,max rescaled
to its value at dR = 100 m. It represents the rate of decrease of the received
power with the shower core-receiver distance dR, independent of the actual
strength of the signal. The received power PR,max decreases by up to about
30 dB when varying dR from 100 m to 1000 m.
The analogous dependence of the received power on the shower core-
transmitter distance dT (not shown here) is weaker than its dependence on
dR. This can be expected as the time compression of the signal (and thus
its enhancement) is mostly governed by the relative position of the receiver
antenna and the shower core (dR), and the shower inclination angle. The
received power decreases by up to about 20 dB when varying dT from 0 m
to 1000 m (up to about 15 dB when varying dT from 100 m to 1000 m).
The largest power is observed for vertical showers (see Figure 11). For
θs = 45
o, the received power is almost constant at large dR. This is due to
the fast decrease in the power received from low altitudes as dR increases.
The highly compressed signal arriving from high altitudes (see the first |U |
peak in Figure 7) dominates at large dR. Since it originates in regions located
far away from the receiver antenna, its power decreases very slowly with dR.
The dependence of the maximum received power for vertical showers on
dR and the receiver azimuth angle ϕR is shown in Figure 12 similarly to
Figure 11. The antennas and the shower core are not collinear; the receiver
is placed at various azimuthal angles relative to the transmitter-core line.
The signal is strongest for the collinear geometry (ϕR = 0
o).
In general, the dependence of the maximum received power PR,max on the
shower core-receiver (dR) and the shower core-transmitter (dT ) distances are
similar for all considered shower geometries. For a fixed geometry (i.e. fixed
θs, ϕR, and ϕT ), the maximum power PR,max decreases by up to about 30 dB
and 15 dB when varying dR and dT from 100 m to 1000 m, respectively.
5.3. Dependence of the maximum received power on the radar frequency
Figure 13 shows the dependence of the maximum received power on the
radar frequency ν and the shower elevation angle θs scaled to the respec-
tive maximum power received at the frequency of 1 MHz. Showers heading
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Figure 13: Dependence of the maximum received power on the radar frequency ν and the
shower elevation angle θs, scaled to the respective maximum power received for frequency
of 1 MHz. Showers heading towards the transmitter are considered. The plane formed by
the receiver antenna and shower axis is perpendicular to the ground (ϕR = 0).
towards the transmitter are considered. The plane formed by the receiver
antenna and shower axis is perpendicular to the ground (with ϕR = 0).
The size of the region, from which one gets a coherent signal, decreases
with decreasing wavelength and destructive interference cancels out the sig-
nal from the farther regions of the plasma. At large frequencies, this leads
to a decrease in the received power PR,max with increasing radar frequency
ν. On the other hand, PR,max scales as (ω/νc)
2 due to the molecular quench-
ing. Therefore, the received power is quenched more for the lower radar
frequencies. Effectively, the strongest signal is reached at frequencies around
30 MHz. For vertical showers, the received power increases by about 12 dB
when changing the radar frequency from 1 MHz to 30 MHz. This increase
is larger for inclined showers. However, this does not translate to the larger
values of PR,max, since in general the inclined showers give weaker signals.
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Figure 14: Ratio of the maximum received to the emitted power as a function of the
shower core-receiver distance dR and shower energy E, for vertical showers at 100 m from
the transmitter. The radar frequency is 30 MHz.
5.4. Feasibility of radar echo observation
Figure 14 shows the dependence of the received power on the shower
core-receiver distance dR and shower energy E, for vertical showers at 100 m
from the transmitter. The radar frequency is 30 MHz. The transmitter and
receiver antennas are located on the opposite sides of the shower core (ϕT =
180o, ϕR = 0
o). The values of the power ratio PR,max/PT , shown in Figure
14, represent the strongest signal that can be attained in the MHz frequency
range for dT and dR larger than 100 m. The largest value of the power ratio
PR,max/PT is equal to −196 dB for dT = dR = 100 m and for highest energy
E = 1020 eV. The frequency upshift fr of the received signal at its maximum
is small, typically fr = 2 − 3. Thus, the radar echoes of air showers can be
observed best at frequencies νR = 60 − 90 MHz (νR denotes the frequency
of the received signal). Within this frequency range, for a remote location
(far away from man-made noise sources) the noise temperature is dominated
by the Galactic synchrotron emission and it changes from about 4400 K
to 2000 K, respectively. It follows that assuming the effective bandwidth
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of the receiver antenna to be ∆νR = 10 MHz, one gets the power of the
noise Pn = kbTn∆νR ≥ −95.6 dBm, where kb is the Boltzmann constant.
Imposing a 5 dB signal-to-noise ratio (SNR) as the detectability threshold
leads to the condition SNR = PR,max/Pn ≥ 5 dB. Assuming that the effective
area of the receiver is as large as AR = 10 m
2 and setting the transmitted
power to PT = 10
5 W, we obtain PR,max = −106 dBm, i.e. SNR = −10.4
dB, which is below the detectability threshold. For a grid of N receiving
antennas, the signal power scales coherently like PR,max ∼ N2, whereas the
noise is incoherent and scales linearly, i.e. Pn ∼ N . Therefore, we can
get a 10 dB increase in the signal-to-noise ratio by utilizing a grid of 10
receiving antennas. Moreover, we estimate that by tilting the antennas to
the horizontal position we can get the signal increase from about 8 dB for
dR = 100 m up to about 24 dB for dR = 1000 m. As the result, we obtain
SNR = 7.6 dB for dR = 100 m, which falls down below 5 dB already around
dR = 200 m. This demonstrates that in general, detection of the radar
echoes of the 1020 eV showers might be possible, however, the necessity of
using high-power transmitters, the large number of receivers and the small
spacing of the detector grid (of the order of 300 m) makes the radar technique
utilizing the MHz range impractical for air shower detection.
Similarly, we can check the feasibility of detection of the high-frequency
part of the radar echo, which arrives from large altitudes and whose strength
is a slowly varying function of dT and dR. For this purpose, the most suit-
able seems to be the 2 − 15 GHz frequency range, which is characterized
by very low noise. As the reference value, we can take the maximum power
received from an inclined shower with θs = 45
o. The respective power ratio
is PR,max/PT = −306.5 dB for a shower with energy 1018 eV at distances
dR larger than ∼ 200 m (see Figure 11). This ratio has to be corrected
for the lower values of the collision frequency at high altitudes relative to
the value of νc = 4.5 THz that we have used in simulations. Thus, we in-
crease the received power by 3.5 dB (see Section 4.1). Moreover, changing
the radar frequency from 1 to 30 MHz reduces the molecular quenching by
up to 29 dB under assumption that the coherence length does not intervene
much. Finally, increasing the shower energy to 1020 eV gives us another 46
dB increase in the signal strength. Applying these scaling factors, we ob-
tain PR,max/PT = −228 dB. The typical frequency upshift for the considered
case is fr ≈ 300 − 500, which leads to the frequency of the received signal
of νR = 9 − 15 GHz. Now, if we consider the CROME-like detector setup
[7] tuned to the GHz frequency range with the system temperature Tn = 80
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K, the effective area of the antenna reflector AR = 6.4 m
2 and the effective
bandwidth ∆νR = 600 MHz, then we get PR,max = −139.9 dBm, Pn = −91.8
dBm and SNR = −48.1 dB, where as previously we have assumed PT = 105
W. This clearly demonstrates that the CROME-like detector is unable to see
the radar reflections from the plasma produced by air showers.
To consider possible longer plasma lifetime due to the non-thermal dis-
tribution of the electron velocity of the plasma, we have performed simula-
tions with the lifetimes ten times longer than calculated in Section 3.2, i.e.
τ ≈ 150− 400 ns within the altitude range of 0− 5 km. The resulting power
of the radar echo is larger by about 17 dB for the radar frequency ν = 1
MHz and by about 9 dB for ν = 10 MHz, where the second value is lower
due to the smaller coherence length. Further increase of the plasma lifetime
by another factor of 10 (τ = 1500− 4000 ns) leads to only a slight increase
of the power (by less than 5 dB). We have also checked that applying the
proper non-thermal plasma distribution calculated in [41] increases the col-
lision frequency by about 16%, which translates to only 1.3 dB decrease in
the received power of the radar echo. A fixed value of the collision frequency,
which we use in simulations regardless of the altitude, has an impact only on
the signal which originates at large altitudes, i.e. on the part of the radar
echo with the high frequency upshifts. As was discussed in Section 4.1, the
received power of this signal has to be corrected by +3.5 dB. We estimate the
overall accuracy of our results at about 5 dB. This number does not account
for a possible inaccuracy in the assumed plasma lifetime and the collision
frequency (molecular quenching), which might have a substantial effect.
5.5. Conclusion
We present the most complete approach yet to the radar detection of air
showers by backscattering. However, the results also apply to a bistatic radar
setup, where the transmitter and receiver are separated by a distance compa-
rable to the distances of the detector antennas to the shower. We have shown
that, unlike the plasma in a meteor trail, the plasma produced by air showers
has to be treated always as underdense. Thus, the reflected radar signal is
heavily reduced by molecular quenching. Due to the high temperature of the
plasma induced in the air by a shower (Te ∼ 105 K), the collision frequency
νc is estimated at several THz. This value is at least one order of magnitude
larger than the commonly used values, which leads to more than two orderds
of magnitude increase in molecular quenching of the radar echo. We have
summed coherently the radio waves reflected off the individual electrons over
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the volume of the disk-like ionization trail, taking into account the movement
of the wave scattering region behind the relativistically moving shower front.
We have performed an extensive set of simulations of radar detection of air
showers for different geometries, energies and frequencies of the radar.
Our results show that the radar detection of air showers might be possible
only in a special case of showers at small zenith angles with energies 1020
eV or higher and shower cores situated very close to the transmitter and
receiver antennas. It appears therefore that the radar technique of air showers
detection on a large scale is impractical due to the necessity to use very
high power transmitters and very small spacing of the detector grid. Thus,
developing large, efficient and inexpensive air shower detector arrays based
on the radar technique is not realistic.
6. Note added in proof
To calculate the effective collision frequency νc in Section 3.3, we apply
the initial electron energy distribution, i.e. the distribution immediately after
the plasma is created by the passing of the shower front [41, 42]. However,
as was recently shown in [55], the energy distribution of the plasma elec-
trons changes very rapidly with time due to the ionization, excitation and
attachment processes. After 1 ns all electrons have energies below 1.7 eV. In
consequence, the rate of inelastic collisions of the electrons is quickly heav-
ily reduced (from several THz to only a few tens of MHz) and the elastic
collisions dominate. This electron spectrum evolution leads only to a mod-
erate decrease of the overall νc values and up to about a 9 dB increase in
the received power. Such an increase does not change the conclusion of this
paper.
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8. Appendix
The spatial phase terms
∫
r
n k · dr, ∫
rsc
n ksc · drsc and cos θ in equation
(14) describing the contribution to the total electric field strength of the radio
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wave at the receiver antenna are given by∫
r
n k · dr = krnTh , (37)∫
rsc
n ksc · drsc(s) = krscnh, (38)
cos θ =
r2 + r2sc − d2TR
2rscr
, (39)
where
k = |k| = |ksc| = 2πν/c, (40)
dTR =
√
d2T + d
2
R + h
2
T − 2dTdR cos(ϕT − ϕR), (41)
nTh =
1
(h− hT )
∫ h
hT
n(h′)dh′. (42)
Here θ, dTR, and ν are the angle between the directions of incident and
scattered radio waves, the distance between transmitter and receiver, and the
frequency of the emitted radio wave, respectively. To derive formula (39) we
have applied the law of cosines to the triangle constructed by the transmitter,
receiver, and the plasma volume element dV . A similar approach was used
to derive equation (41), which expresses the emitter-receiver distance. Note
that in order to take into account a non-zero value of the altitude of the
receiver antenna H , we have to redefine the refractive index in such a way
that n(h)→ n(h+H). Moreover, the altitudes h and hT should be measured
with respect to the receiver level H , so that for example the true altitude of
the transmitter would be hT +H .
In practice it is more convenient to perform the calculations in theX ′′Y ′′Z ′′
coordinate system defined in Figure 15. Here, points O, P and the W -axis
are the projections of the receiver (R), plasma volume element (p), and the
X ′-axis on the plane perpendicular to the shower axis (Z ′) defined by s = 0.
On the same plane lie the X ′′ and Y ′′ axes. The X ′′-axis passes through the
shower core (C). Moreover, Z ′′-axis is parallel to the shower direction and
passes through the receiver antenna (R). One can obtain the X ′′Y ′′Z ′′ co-
ordinate system from the X ′Y ′Z ′ by its rotation around Z ′-axis by an angle
ϕ′ and subsequent translation by s. RL has the meaning of the projection
of the distance between the plasma element (p) and the receiver (R) on the
s = 0 plane.
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Figure 15: Definition of the cylindrical coordinate system given by the triplet (RL, φ, s)
used in our calculation (see equation (43)). Points O, P and theW -axis are the projections
of the receiver (R), plasma volume element (p), and the X ′-axis on the plane perpendicular
to the shower axis (Z ′) defined by s = 0. On the same plane lie the X ′′ and Y ′′ axes. The
X ′′-axis passes through the shower core (C) and Z ′′-axis is parallel to the shower direction
and passes through the receiver antenna (R).
Note that V (t), which is the contributing volume for a given arrival time
t of the signal (see equation (13), has a rotational symmetry with respect to
the Z ′′-axis, which facilitates defining integration boundaries of the individual
contributions to the received signal. In addition, since nh is a slowly varying
function of h, we can assume that also rsc and s
′ (see equations (11), (12)
and (52)) have the same symmetry as V (t), i.e. they are independent of the
angle Φ. In contrast, only the electron density n0e(s, rL) is axi-symmetric
with respect to the Z ′-axis. Because of these facts, utilizing the X ′′Y ′′Z ′′
frame of reference and the cylindrical system of coordinates (RL, φ, s) (see
Figure 15) seems to be the best option.
The integral (13) can be rewritten in the following form
Urcv(t) =
∫∫∫
V (t)
dUrcv(t, s, RL, φ)
dV
RLdRLdφds, (43)
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where
dUrcv(t, s, RL, φ)
dV
= UT
√(
ω
νc
)2
3σT (1 + cos2 θ)
16π
√
GT∆Ωsc
r
ne
× ei(ωt+φ0)e−ik(nTh r+nhrsc), (44)
is expressed in terms of RL, φ, and s. Formulas for rsc, rL, r and h are given
by equations (52), (56), (64), (65) together with (66)-(73) and (46), (47),
(53). In the following, we derive these formulas.
The Cartesian coordinates in the XY Z, X ′Y ′Z ′, andX ′′Y ′′Z ′′ frames of
reference (see Figures 1 and 15) are given by the triplets (x, y, z), (x′, y′,
z′), and (x′′, y′′, z′′). The subscripts T , R, and p denote the coordinates
of the transmitter, receiver, and plasma volume element dV , respectively.
Therefore, the Cartesian coordinates of the plasma element in the X ′Y ′Z ′
frame of reference are 
 x′py′p
z′p

 =

 rL cosϕrL sinϕ
0

 , (45)
whereas the Cartesian coordinates of the transmitter and receiver in the
XY Z frame of reference are
 xTyT
zT

 =

 dT cosϕTdT sinϕT
hT

 , (46)

 xRyR
zR

 =

 dR cosϕRdR sinϕR
0

 . (47)
Transformations between different systems of coordinates are given by
 x′y′
z′

 =

 sin θs 0 − cos θs0 1 0
cos θs 0 sin θs



 xy
z

 +

 00
−s

 , (48)

 x′′y′′
z′′

 =

 cosϕ′ sinϕ′ 0− sinϕ′ cosϕ′ 0
0 0 1



 x′y′
z′

 +

 −d′0
s

 . (49)
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From the above we have
 x′Ty′T
z′T

 =

 xT sin θs − zT cos θsyT
xT cos θs + zT sin θs − s

 , (50)

 x′Ry′R
z′R

 =

 xR sin θsyR
xR cos θs − s

 . (51)
It can be shown that rsc =
√
R2L + (z
′
R − z′p)2 (see the RDp triangle in
Figure 15) and d′ =
√
x′R
2 + y′R
2. Thus, we have
rsc =
√
R2L + (s− xR cos θs)2, (52)
d′ = dR
√
cos2 ϕR sin
2 θs + sin
2 ϕR. (53)
The r2 can be expressed by
r2 = (x′p − x′T )2 + (y′p − y′T )2 + (z′p − z′T )2. (54)
Thus we get
r2 = r2L + d
2
T + h
2
T + s
2 − 2rL(xT sin θs cosϕ + yT sinϕ)
−2sxT cos θs + 2hT (rL cosϕ cos θs − s sin θs) . (55)
In order to express rL in terms of the X
′′Y ′′Z ′′ coordinates RL, φ, and s
we can use the following formula
rL =
√
R2L + d
′2 + 2RLd′ cosφ, (56)
which was obtained by applying the law of cosines to the POC triangle laying
at the s = 0 level.
It is straightforward to show that(
x′′p
y′′p
)
=
(
rL cos(ϕ− ϕ′)− d′
rL sin(ϕ− ϕ′)
)
=
(
RL cosφ
RL sin φ
)
, (57)
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and
cosϕ′ =
x′R
d′
, (58)
sinϕ′ =
y′R
d′
. (59)
Now, using equations (57) - (59) and following expressions
cosϕ = cos(ϕ− ϕ′) cosϕ′ − sin(ϕ− ϕ′) sinϕ′ (60)
sinϕ = sin(ϕ− ϕ′) cosϕ′ + cos(ϕ− ϕ′) sinϕ′ (61)
we obtain
rL cosϕ = (d
′ +RL cos φ)
dR
d′
cosϕR sin θs − RL sinφdR
d′
sinϕR, (62)
rL sinϕ = (d
′ +RL cos φ)
dR
d′
sinϕR +RL sinφ
dR
d′
cosϕR sin θs. (63)
Substituting equations (56), (62), and (63) into equation (55) one obtains
the expression for the distance between the plasma element and the trans-
mitter (r). Similarly, substituting equation (62) into (10), we get a formula
for the altitude (h). These expressions are the following
r =
√
r0 + r1RL cos φ+ r2RL sinφ+ r3s+R2L + s
2, (64)
h = h0 + h1RL cosφ+ h2RL sinφ+ h3s, (65)
where the coefficients are
r0 = d
2
T + h
2
T − d′2 + d′r1, (66)
r1 = 2d
′ − 2 sin2 θsxRxT
d′
− 2yRyT
d′
+ hT sin 2θs
xR
d′
, (67)
r2 = 2 sin θs
yRxT − xRyT
d′
− 2hT cos θs yR
d′
, (68)
r3 = −2xT cos θs − 2hT sin θs, (69)
h0 = −xR
2
sin 2θs, (70)
h1 =
h0
d′
, (71)
h2 =
yR
d′
cos θs, (72)
h3 = sin θs. (73)
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In the special case of the vertical showers heading towards the transmitter
located at the ground level (θs = π/2, dT = 0, hT = 0) and the receiver
situated at ϕR = 0, equations (52), (56) , (64), (65) take the forms
rsc =
√
R2L + s
2, (74)
rL =
√
R2L + d
2
R + 2dRRL cosΦ, (75)
r =
√
d2R + 2dRRL cosΦ +R
2
L + s
2, (76)
h = s. (77)
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